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Outline of the course

I Asymptotic normality of estimators

I Uniform laws of large numbers

I Uniform central limit theorems

I Contiguity, local asymptotic normality, and optimality

I U-statistics

Reading:

I All the statistics journals (and more)
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Asymptotic normality of estimators

basic approach:

I show consistency (e.g., by growth of objective near optimum)

I Taylor expansions

I a bit more advanced: look at deviations of local process
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Estimators today

I idea of growth of loss central to modern analyses

I high-dimensional and structural statistics (Candès and Tao,
2008; Recht, 2011; Negahban et al., 2012; Cai and Zhang,
2015; Wainwright, 2019)

I learning without concentration (Mendelson, 2014, 2015)

I non-convex optimization (Candès et al., 2015; Ma et al.,
2020; Duchi and Ruan, 2018; Davis et al., 2020)
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Uniform laws of large numbers

basic approach:

I show pointwise limits Pnf
a.s.→ Pf

I cover space F (either bracketing or metric entropies)

alternative (related):

I use bounded differences on supf ∈F |Pnf − Pf |
I chaining or other integral bounds
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Uniform laws of large numbers today

I central to much of machine learning theory (Bartlett and
Mendelson, 2002; Bartlett et al., 2005; Boucheron et al.,
2005; Koltchinskii, 2006)

I often a good first approach when full understanding of
“structural” properties not known yet
I nonconvex problems (e.g. Candès et al., 2015)
I robustness and distributionally robust optimization (Duchi and

Namkoong, 2020)

I still a building block in high-dimensional statistics (Negahban
et al., 2012; Wainwright, 2019)
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Uniform central limit theorems

basic approach:

I finite dimensional convergence

√
n(Pnh − Ph)

d→N (0,Cov(h))

for each h of form h(x) = (f1(x), . . . , fk(x)) for fi ∈ F
I some type of continuity (approximation by finite maxima)

over F
I get central limit theorem

√
n(Pn − P)

d→G in L∞(F)

where G : F → R is a Gaussian process
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Some applications (including those we haven’t seen)

I testing (e.g. Kolmogorov Smirnov tests)
I diffusion limits in stochastic optimization and sequential

processes
I stochastic optimization (Kushner and Yin, 2003) of minimizing

f (θ) = E[F (θ;X )]: interpolate process

θk+1 ← θk − αk∇F (θk ;Xk)

I sequential analysis, reinforcement learning, bandits (Siegmund,
1985; Wager and Xu, 2021)
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Contiguity, local asymptotic normality, optimality

I to understand optimality, look at sequences of local
alternatives

I local asymptotic theory: in local experiments {Ph/
√
n}h∈Rd ,

limits must look Gaussian

√
n log

dPn
h/
√
n

dPn
0

=
1√
n

n∑
i=1

˙̀T
0 h − hTP0

˙̀
0

˙̀T
0 h + oP(‖h‖)

I parametric local minimax theorem (optimality for the
distribution at hand:

lim
c→∞

lim inf
n

inf
θ̂n

∫
Eθ+h/

√
n

[
L(
√
n(θ̂n − (θ + h/

√
n)))

]
dπc(h)

≥ E[L(N (0, I−1θ ))] for Iθ = P ˙̀
θ

˙̀T
θ
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Current treatments of optimality

I minimax, global worst case (Yang and Barron, 1999;
Arias-Castro et al., 2013; Tsybakov, 2009; Duchi, 2019;
Wainwright, 2019)
I often construct local “packing” of central point θ0,

perturbations θv = θ0 + v/
√
n

I argue cannot test (and hence estimate) which v one got

I much interest in optimality theory beyond standard parametric
models, especially semiparametric efficiency
I stochastic optimization (Duchi and Ruan, 2020a)
I causal inference (all over econometrics)

I move toward more “instance-optimal” behavior (Cai and Low,
2015; Zhu et al., 2016; Duchi and Ruan, 2020b; Asi and
Duchi, 2020; Khamaru et al., 2020; Roughgarden, 2020)
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U-statistics
I kernel h : X r → R and parameter θ = E[h(X1, . . . ,Xr )]
I unbiased statistic

Un :=

(
n

r

)−1 ∑
|S |=r

h(Xs)

approximated well by linearization

Ûn :=
r

n

n∑
i=1

h1(Xi ), h1(x) = E[h(x ,X2, . . . ,Xr )]− θ

I two-sample U-statistics, h : X r × Ys → R,

UN =

(
m

r

)−1(n
s

)−1 ∑
|A|=r ,|B|=s

h(XA,YB)

well approximated by

ÛN =
r

m

m∑
i=1

h1,0(Xi ) +
s

n

n∑
i=1

h0,1(Yi )
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Applications and (potential) future of U-statistics

I frequent in two-sample (and related) testing, e.g. kernel
embeddings (Gretton et al., 2012a,b) (but see also Ramdas
et al. (2015))

I much modern data collection aggregates information together
(Russakovsky et al., 2015; Krishna et al., 2017; Recht et al.,
2019)
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