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Outline

» VC Classes
» Sauer-Shelah lemma

» Uniform covering numbers
Reading:

» Wainwright, High Dimensional Statistics, Chapter 4.3
» van der Vaart, Asymptotic Statistics, Chapter 19.2
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Motivation

» we have seen

00 2
B[P, ~ Pl | X{) < 01) | \/ 72 log N(F, L2(P,), €)de
0

where .
1
0%’* = sup — Z f(X;)? = sup P,f>.
fer N feF

> today: develop some techniques for giving bounds on

sup log N(F, LP(Q), €)
Q
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Complexities of finite sets

> let F(x7) = {(f(x1),---,f(xn))}rer
» some classes take only finitely many values, i.e.
card(F(x7')) < o0

Lemma
For Rademacher complexity

Ro(F | X{) = Elsupse | 2oilq &if ()],

RolF | x{) < O(1)/n03,, log card (F(x{)),

2

where o7, = supgcr PLf2.
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Polynomial discrimination

» class has polynomial discrimination of order d if
card(F(x)) < C(n+ 1)
where C < oo is a constant
P> some classes only grow polynomially as n — oo

Corollary

If F has order d polynomial discrimination and ||f|| ., < b for
f € F, then

dlog(Cn)

B[Py — Pll] < O(1)by] <
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Vapnik-Chervonenkis Classes: Shattering

» collection of classes that enjoy uniform laws, covering
numbers, and polynomial discrimination

Definition (Shattering)

Let C be a collection of sets and x{' = {x1,...,x,} a collection of
points. A labeling of x{' is a vector y € {£1}". The collection C
shatters x{' if for all labelings y, there exists A € C s.t.

x; €A ify,=1
xi € A ify;=-1.
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Examples of shattering

» let C be half-spaces in R?

» C shatters any 3 non-collinear points xi C R2
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Vapnik-Chervonenkis (VC) Dimension

Definition
For C C 2 the shattering number of C on x{" is

AL(Cox{) :i=card{AN{x1,...,xn} st. A€ C}

i.e. the number of labelings C realizes on x{

Definition (Vapnik-Chervonenkis (VC) Dimension)
The VC-dimension of C is

x{€Xn

VC(C) :=sup {n eN: sup Ap(C,x]) = 2”} .
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Sauer-Shelah Lemma

» amazing fact: VC classes have polynomial discrimination
Lemma (Sauer-Shelah)
For any collection of sets C C 2%,

ve(C)

sup 8(CAD) < 3 (1) = 0¥,

n n
x{eX =0

consequence: whenever max,n A,(C, x{') < 27, then VC(C) < n

and
Ba(C,xf) = O(n¥E@),

(Proofs on course webpage)
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Examples of VC classes

» For C = lower left boxes in RY,
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Uniform covering numbers with VC-classes

» define L"(P) norm on sets A C X by

14~ Leley = [ I1x € A} = 1{x € B} [dP(x

Theorem
There exists constant K < oo such that for any C C 2%, for all
e>0
1)\ Ve©)r
sup N(C, L"(P),e) < K - VC(C)(4€)VC(©) <) -
P

€

intuition: only realizing polynomially many boxes allows us to
cover with e-separated “boxes” of probability
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VC function classes

Definition

The subgraph of a function f : X — R at level t is the set
S¢t:={x| f(x) < t}. The subgraph class of a collection F is the
collection

S(]:) = {Sﬂo}fe}'.
The collection F C X — R has VC-dimension VC(S(F)).

> linear discriminators F = {f(x) = sign(x"6)}

> ellipsoidal discriminators
F = {f(x) =sign((x —x0) "=} (x — x0) — b)}
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Preservation of VC-dimension

> often useful to build up VC classes from smaller ones

Proposition (van der Vaart and Wellner 1996, Lemma 2.6.17)
Let C,D be VC-classes of sets. The following are VC-classes:
(i) C° = {C°| C € C}, and VC(CE) = VC(C)
(i) cND:={CnD|CeC,DeD}, and
VC(C D) < VC(C)+ VC(D)
(i) CUD:={CUD| CeC,D €D}, and
VC(Cu D) < VC(C)+ VC(D)
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VC classes from vector spaces

Proposition (Finite-dimensional vector spaces)
Let G be a d-dimensional vector space of functions X — R. Then

the subgraph class S(G) has VC(S(G)) < d.
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