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Reading: van der Vaart, Chapter 3.
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The delta method

motivating question: suppose we know a sequence of statistics
Tn estimates a parameter θ at some rate, say

rn(Tn − θ)
d→T .

Can we say something about φ(Tn) for (smooth) mappings φ?
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The delta method

Theorem
Let rn →∞ be deterministic and φ : Rd → Rk be differentiable at

θ. Assume rn(Tn − θ)
d→T for some random vector T . Then

(1) rn(φ(Tn)− φ(θ))
d→φ′(θ)T

(2) rn
(
φ(Tn)− φ(θ)

)
− rnφ

′(θ)(Tn − θ)
p→ 0

where φ′(θ) ∈ Rk×d is the Jacobian matrix with entries

[φ′(θ)]ij = ∂φi (θ)
∂θj
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Proof of Delta-method
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The limiting distribution of a quadratic

Example (The delta method for quadratics)

Assume Xi
iid∼ P with E[X ] = θ 6= 0, Cov(X ) = Σ, and set

φ(h) = 1
2 ‖h‖

2
2. Then

√
n

(
1

2

∥∥∥∥1

n

n∑
i=1

Xi

∥∥∥∥2
2

− 1

2
‖θ‖22

)
d→N

(
0, θTΣθ

)
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Sample variance

Example (Delta method for sample variance)

For Xi i.i.d. with Var(Xi ) = σ2 and E[X 4
i ] <∞, let

S2
n :=

1

n

n∑
i=1

(Xi − X n)2 =
1

n

n∑
i=1

X 2
i − X

2
n.

Then for φ(x , y) = y − x2 we have S2
n = φ(X n,X 2

n), and

√
n(S2

n − σ2)
d→N

(
0,E[X 4]− E[X 2]2

) dist
= N

(
0,Var(X 2)

)
.
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Higher-order delta methods

insight: the delta method is just a Taylor expansion, so if
φ′(θ) = 0, we may consider higher-order terms. Consider
φ : Rd → R for simplicity (in notation)

Corollary

Let rn →∞ be deterministic and assume rn(Tn − θ)
d→T , and let

φ be twice continuously differentiable at θ. Then

r2n (φ(Tn)− φ(θ))
d→ 1

2
T>∇2φ(θ)T
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Proof of higher-order delta method
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Example: KL divergences and log-likelihood ratios

recall KL-divergence between distributions

Dkl (P||Q) :=

∫
dP log

dP

dQ
=

∫
p log

p

q
dµ

Example

Let Xi ∈ {0, 1}, Xi ∼ Pθ := Bernoulli(θ) (i.e. E[Xi ] = θ). For
θ̂n = 1

n

∑n
i=1 Xi ,

nDkl

(
P
θ̂n
||Pθ
)

d→ 1

2
W 2 and nDkl

(
Pθ||Pθ̂n

)
d→ 1

2
W 2

for W ∼ N (0, 1)
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